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FURTHER RESULTS ON COMPLETE PERMUTATION
MONOMIALS OVER FINITE FIELDS
XIUTAO FENG, DONGDAI LIN, LIPING WANG, AND QIANG WANG
Abstract. In this paper, we construct some new classes of complete permu-
tation monomials with exponent d = q
n
−1
q−1
using AGW criterion (a special
case). This proves two recent conjectures in [41] and extends some of these
recent results to more general n’s.
Let q = pk be the power of a prime number p, Fq be a finite field with q elements,
and Fq[x] be the ring of polynomials over Fq. We call f(x) ∈ Fq[x] a permutation
polynomial (PP) of Fq if f induces a permutation of Fq. An exceptional polynomial
of Fq is a polynomial f ∈ Fq[x] which is a permutation polynomial over Fqm for
infinitely manym. It is well known that a permutation polynomial over Fq of degree
at most q1/4 is exceptional over Fq. For more background material on permutation
polynomials we refer to Chap. 7 of [23]. For a detailed survey of open questions
and recent results see [16], [21], [22], [25], and [26].
A complete permutation polynomial (CPP) is a polynomial f(x) satisfies that
both f(x) and f(x) + x induce bijections of Fq. CPPs have recently become a
strong source of interest due to their connection to combinatorial objects such as
orthogonal Latin squares and due to their applications in cryptography; in partic-
ular, in the construction of bent functions [28, 30, 31]. See also [14, 32, 33, 38] and
the references therein for some recent work in the area.
The most studied class of CPPs are monomials. If there exists a complete per-
mutation monomial of degree d over Fq, then d is called a CPP exponent over Fq.
Earlier work has been done recently in [7, 8, 9, 10, 24, 40]. Thesel recent papers
concentrated on classifying monomials f(x) = a−1xd with special d that are CPPs.
In particular, d = q
n
−1
q−1 +1 implies that (d, q
n − 1) = 1 and thus xd is always a PP
of Fqn . Essentially, this problem is equivalent to classifying permutation binomial
of the form xd + ax. The main focus of the paper is therefore to determine when
certain polynomials of the form f(x) := x
qn−1
q−1 +1 + bx are permutation binomials
over Fqn . We remark earlier references on permutation binomials can be found in
[17, 26] and reference therein.
One of useful criterions in studying PPs of finite fields is the following AGW
criterion. It first appeared in [3] and further developed in [42, 43], among others.
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Lemma 1 (AGW criterion). Let A, S and S¯ be finite sets with #S = #S¯, and let
f : A→ A, f¯ : S → S¯, λ : A→ S, and λ¯ : A→ S¯ be maps such that λ¯ ◦ f = f¯ ◦ λ.
A
P
//
λ

A
λ¯

S
P¯
// S¯
If both λ and λ¯ are surjective, then the following statements are equivalent:
(i) f is a bijection (a permutation of A); and
(ii) f¯ is a bijection from S to S¯ and f is injective on λ−1(s) for each s ∈ S.
We remark that P (x) in Lemma 1 can be viewed piecewisely. Namely, let S =
{s0, s1, . . . , sℓ−1}, then we have
P (x) =


P0(x), if x ∈ C0 = λ−1(s0);
...
...
Pi(x), if x ∈ Ci = λ−1(si);
...
...
Pℓ−1(x), if x ∈ Cℓ−1 = λ−1(sℓ−1),
is a bijection if and only if each Pi is injective on Ci for 0 ≤ i ≤ ℓ − 1 and P¯ is a
bijection.
In particular, if we take A = F∗q =< γ >, ℓs = q − 1, ζ = γs, and λ = λ¯ = xs,
then we obtain the following diagram.
F
∗
q
P
//
xs

F
∗
q
xs

S = {1, ζ, . . . , ζℓ−1} P¯ // S = {1, ζ, . . . , ζℓ−1}
This special case of AGW criterion was obtained earlier in [27, 35]. Namely, the
cyclotomic mapping polynomial
P (x) =


A0x
r, if x ∈ C0 =< γℓ >≤ F∗q =< γ >;
...
...
Aix
r, if x ∈ Ci = γiC0;
...
...
Aℓ−1x
r, if x ∈ Cℓ−1 = γℓ−1C0,
is a PP of Fq if and only if (r, s) = 1 and P¯ permutes S = {1, ζ, . . . , ζℓ−1}.
Rewriting it in terms of polynomials, this criterion essentially is the following
useful criterion appeared in [19, 35, 46] in different forms.
Corollary 1 (Park-Lee 2001, Wang 2007, Zieve 2009). Let q − 1 = ℓs for some
positive integers ℓ and s. Then P (x) = xrf(xs) is a PP of Fq if and only if (r, s) = 1
and xrf(x)s permutes the set µℓ of all distinct ℓ-th roots of unity.
Using Corollary 1, Akbary and Wang [6] first studied the permutation polyno-
mials of the form xrf(xs) for arbitrary ℓ and those polynomials f ’s satisfying that
f(ζ)s = ζj for some j, where ζ ∈ µℓ. In particular,
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Corollary 2. Let q − 1 = ℓs. Assume that f(ζi)s = 1 for any i = 0, . . . , ℓ− 1 and
ζ ∈ µℓ is a primitive ℓ-th root of unity. Then P (x) = xrf(xs) is a PP of Fq if and
only if (r, q − 1) = 1.
More classes of those permutation polynomials with small ℓ and special f such
that f(x) = xe + as or f(x) = xk + xk−1 + · · · + x + 1 were studied earlier in
[1, 4, 5, 6] and slightly extended in [45, 46]. PPs of large indices was studied in [37].
For the intermediate indices, Zieve first considered special ℓ = q − 1 or ℓ = q + 1
over finite field Fq2 [47]; see also in [17]. We note that several recent papers deal
with PPs with this type of indices, see for example [20, 44].
In the study of CPP monomials, Wu et al [40, 41] studied the CPP monomials
a−1xd over Fpnk such that d =
pnk−1
pk−1
+ 1. For any a ∈ Fpnk , let ai = ap
ik
, where
0 ≤ i ≤ n− 1. Define
ha(x) = x
n−1∏
i=0
(x+ ai).
Then Corollary 1 directly gives the following
Corollary 3. Let d = p
nk
−1
pk−1
+ 1. Then xd + ax ∈ Fpnk [x] is a PP of Fpnk if and
only if ha(x) ∈ Fpk [x] is a PP of Fpk .
In this case ha(x) = x(x + a)
d−1 is a polynomial of lower degree over µpk−1 or
Fpk . When n is small, essentially we need to study permutation polynomial of low
degree over a subfield Fpk . In [9, 10, 40, 41], PPs of the form fa(x) = x
d + ax over
Fqn are thoroughly investigated for n = 2, 3, 4. For n = 6, sufficient conditions for
fa(x) to be a PP of Fq6 are provided in [40, 41] in the special cases of characteristic
p ∈ {2, 3, 5}, whereas in [7] all a’s for which ax q
6
−1
q−1 + 1 is a CPP over Fq6 are
explicitly listed. The case p = n+ 1 is dealt with in [41, 24] as well.
The following two conjectures are made in [41].
Conjecture 1 (Conjecture 4.18 in [41]). Let n+1 be a prime such that n+1 6= p.
Let (n, k) = 1 and (n+1, p2−1) = 1, and d = pnk−1
pk−1
+1. Then there exists a ∈ F∗pnk
such that ha(x) are Dickson polynoials of degree n+ 1 over Fpk .
Conjecture 2 (Conjecture 4.20 in [41]). Let p be an odd prme. Let n + 1 = p
and d = p
nk
−1
pk−1 + 1. Then a
−1xd is a CPP over Fpnk , where a ∈ F∗pnk such that
ap
k
−1 = −1.
Using the classification results of exceptional polynomials, Bartoli et al [8] clas-
sified complete permutation monomials of degree q
n
−1
q−1 +1 over the finite field with
qn elements in odd characteristic, for n+ 1 a prime and (n + 1)4 < q. As a corol-
lary, Conjecture 1 was proven in odd characteristic. However, Conjecture 1 is still
open in general. We note Conjecture 2 is proven recently in [24] for n + 1 prime.
However, when n+ 1 is large or not prime, the classification of CPP monomials is
still open. For example, when n+1 is a power of primes such as 8 or 9, only a few
new examples of CPPs are provided in [8]. In this paper, we construct several new
classes of CPPs using AGW criterion, which confirm both conjectures. In Section
1, we use a factorization result of Dickson polynomial to construct explicitly a new
class of CPPs and prove Conjecture 1. In comparision to the proof in [8], our result
is more explicit although our result is not a classification result. However our proof
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is elementary and it does not assume that (n+1)4 < pk. In Section 2, we derived a
few new classes of CPPs for general n such that n | p− 1 or n | pk − 1 respectively.
This covers the case of Conjecture 2 and also gives new classes of CPPs with large
n. We also demonstrated a usage of AGW criterion in proving a well known class
of degree p exceptional polynomials.
1. CPPs induced from Dickson polynomials
Let us consider Dickson polynomial of the first kind Dn(x, b) of degree n over
Fq. It is well known that Dn+1(x, b) = Dn+1(y + b/y, b) = y
n+1 + (b/y)n+1 when
we let x = y + b/y for some y ∈ Fq2 . Therefore w = u + bu is a root of Dn+1(x, b)
if and only if un+1 + b
n+1
un+1 = 0. Equivalently, u is a solution to u
2(n+1) = −bn+1.
If c2 = b and ζ is a primitive 4(n+ 1)-th root of unity, then u is of the form cζ2i+1
for 0 ≤ i ≤ n− 1. Therefore all the roots of Dn+1(x, b) are c(ζ2i+1 + ζ−(2i+1)) for
0 ≤ i ≤ n. Moreover, the explicit factorization for Dickson polynomial of the first
kind was studied earlier in [12] and [11]. See also Theorem 9.6.12 in [13] as follows:
Theorem 1. If q is odd and a ∈ F∗q then Dn(x, a) is the product of irreducible
polynomials over Fq which occur in cliques corresponding to the divisors d of n for
which n/d is odd. Let md is the least positive integer satisfying q
md ≡ ±1 (mod 4d).
To each such d there corresponds φ(4d)/(2Nd) irreducible factors of degree Nd, each
of which has the form
Nd−1∏
i=0
(x−
√
aqi(ζq
i
+ ζ−q
i
))
where ζ is a primitive 4d-th root of unity and
Nd =


md/2 if
√
a /∈ Fq,md ≡ 2 (mod 4) and qmd/2 ≡ 2d± 1 (mod 4d),
2md if
√
a /∈ Fq and md is odd,
md otherwise.
.
We use this factorization result to construct a class of CPP as follows:
Theorem 2. Let p be an odd prime, k be an odd positive integer, and n+ 1 be an
odd prime number such that (n, k) = 1 and (n+ 1, p2 − 1) = 1. Let d = pnk−1pk−1 + 1,
b ∈ F∗pk , and c ∈ Fp2k such that b = c2. Let a = c(ζ + ζ−1) and ζ is a primitive
4(n+ 1)-th roots of unity in Fpnk . Then
(i) If p ≡ 1 (mod 4), or p ≡ 3 (mod 4) and n/2 is even, then a−1xd is a CPP
over Fpnk .
(ii) If p ≡ 3 (mod 4) and n/2 is odd, then a−1xd is a CPP over Fpnk for all
c ∈ Fp2k \ Fpk and b = c2 ∈ Fpk .
Proof. Let q = pk and md be the smallest positive integer such that q
md ≡ ±1
(mod 4(n + 1)). By Fermat’s little theorem, we obtain pn ≡ 1 (mod n + 1) and
pn/2 ≡ −1 (mod n + 1). Because (n, k) = 1, we must have k odd. If p ≡ 1
(mod 4), then q = pk ≡ 1 (mod 4). Therefore the smallest positive integer md
such that qmd ≡ ±1 (mod 4(n + 1)) is md = n. If p ≡ 3 (mod 4), then q ≡ −1
(mod 4) because k is odd. Furthermore, if n/2 is odd, then the smallest positive
integer md such that q
md ≡ ±1 (mod 4(n+ 1)) is md = n/2. If n/2 is even, then
the smallest positive integer md such that q
md ≡ ±1 (mod 4(n+1)) is md = n. In
any case, ap
nk
= cp
nk
(ζp
nk
+ ζ−p
nk
) = c(ζ + ζ−1) = a and thus a ∈ Fpnk .
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If p ≡ 1 (mod 4), or p ≡ 3 (mod 4) and n/2 is even, then md = n and thus by
Theorem 1 we obtain, for any b ∈ F∗q ,
Dn+1(x, b) = x
n−1∏
i=0
(x−
√
bqi(ζq
i
+ ζ−q
i
)).
If p ≡ 3 (mod 4) and n/2 is odd, then md = n/2. In this case, let b = c2 such that
c ∈ Fq2 \ Fq. Then
Dn+1(x, b) = x
n−1∏
i=0
(x−
√
bqi(ζq
i
+ ζ−q
i
)).
In order to prove xd+ax is a permutation polynomial over Fpnk , by Corollary 1,
xd + ax is a PP of Fpnk if and only if x(x+ a)
d−1 permutes F∗pk . We note that
x(x + a)d−1 = x(x + a)1+p
k+···+p(n−1)k
= x(x + a)(x+ a)p
k · · · (x+ a)p(n−1)k
Therefore x(x+a)d−1 = Dn+1(x, b) under both assumptions. Because (n, k) = 1
and (n+1, p2−1), it is straightforward to show that (n+1, p2k−1) = 1. Therefore
Dn+1(x, b) permutes F
∗
pk . Hence we complete the proof. 
We remark Theorem 2 confirms Conjecture 1 by providing explicit choices of a.
Our result is more explicit and it does not assume that (n+ 1)4 < pk which is the
case in [8].
2. CPP exponent d = q
n
−1
q−1 with more general n
In this section, we first use AGW criterion to give an elementary proof for the
exceptionality of the class of degree p exceptional polynomials over Fpm studied by
Fried, Guralnick and Saxl [15]. Use this class of exceptional polynomials, we derive
a new class of complete permutation monomials a−1xd over Fqr with d =
qp−1−1
q−1 +1,
q = pk, a ∈ Fqn and aq−1 ∈ µn \ {1} where n | p − 1. This confirms and extends
Conjecture 2. Similarly, we drive a class of complete permutation monomials over
Fqn with exponent d =
qq−1−1
q−1 + 1 and n | q − 1. This provides more examples of
CPPs with bigger values of n while previous studies mostly deal with small n’s or
n = p− 1. Finally a sufficient and necessary description for CPPs with d = pnk−1
pk−1
is provided. In particular, a simple class of such CPPs is given as a corollary.
Lemma 2. Let p be an odd prime, i ≥ 0, m, s be positive integers such that n | p−1.
If c ∈ Fpm such that c(pm−1)/n 6= 1, then f(x) = x(xn − c) p−1n is a permutation
polynomial over Fpm . In particular, it is an exceptional polynomial over Fpm for
m ≥ 4.
Proof. It is clear that f(x) = 0 if and only if x = 0. Let A = F∗pm , λ(x) = x
n − c
and λ¯(x) = xn, S = λ(A), S¯ = λ¯(A), and f¯(x) = (x + c)xp−1. To show f is a PP
of Fpm , by AGW criterion, we need to show that f is injective on λ
−1(s) for each
s ∈ S and f¯ is bijective.
For each s ∈ S, we have λ−1(s) is the set of all the distinct roots η1, . . . , ηn of
xn = s+ c. Hence f is injective on it because f(ηi) = ηis
p−1
n .
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To prove f¯ is bijective from S to S¯, is is enough to show that f¯ is surjective. Let
b ∈ S¯ such that f¯(x) = (x + c)xp−1 = xp + cxp−1 = b. Then xp + cxp−1 = b has
at least two distinct solutions if and only if yp − cby − 1b has at least two distinct
solutions. Assume y1, y2 are two distinct solutions in S. Then y1 − y2 is a root of
yp− cby = 0 and thus a root of yp−1 = cb , which is a contradiction because n | p− 1,
b ∈ S¯, and c is not an n-th power. Therefore there is at most one solution in S.
Because |S| = |S¯|, we conclude f¯ is a bijection. Moreover, f is an exceptional
polynomial over Fpm for m ≥ 4 because the degree of f is p. Hence we complete
the proof. 
Theorem 3. Let p be an odd prime, i ≥ 0, k, n be positive integers such that
n | p − 1. Let d = p(p−1)k−1
pk−1
+ 1 and a ∈ Fprk such that ap
k
−1 ∈ µn, where µn is
the set of all n-th roots of unity in Fpnk . If a
pk−1 ∈ µn \ {1}, then a−1xd is a CPP
over Fpnk .
Proof. By Corollary 1 or Corollary 3, we need to prove ha(x) = x(x + a)
d−1 is a
PP of µpk−1 (equivalently, a PP of Fpk). If a
pk−1 ∈ µn \ {1}, then apk = aζ for
some ζ 6= 1 ∈ µn. Then apik = aζi and
ha(x) = x(x+ a)
d−1
= x(x+ a)1+p
k+···+p(p−1)k
= x(x+ a)(x + a)p
k · · · (x+ a)p(p−2)k
= x(x+ a)(x + ap
k
) · · · (x+ ap(p−2)k )
= x
(
(x+ a)(x + aζ) · · · (x+ aζn−1))(p−1)/n
If ap
k
−1 = −1, then ha(x) = x(x2−a2)(p−1)/2. We note that apk−1 = −1 implies
that a2 ∈ F∗pk but a 6∈ Fpk . By Lemma 2, ha(x) is a PP of Fpk and thus a−1xd is a
CPP over Fpnk in this case.
If ap
k
−1 ∈ µn \ {1,−1}, then ha(x) = x(xn + an)(p−1)/n. We note that apk−1 ∈
µn\{1} implies that an ∈ F∗pk but a 6∈ Fpk . If (pk−1)/n is even, then (−an)(p
k
−1)/n =
ap
k
−1 6= 1. If (pk − 1)/n is odd, then (−an)(pk−1)/n = −apk−1 6= 1. Hence −an is
not an n-th power in Fpk . By Lemma 2, ha(x) is a PP of Fpk and thus we complete
the proof. 
We note that Conjecture 4.20 in [41] was confirmed by Theorem 3.2 [24]. It is a
special case when n = p− 1 and apk−1 = −1. Our result deals with more general
n such that n | p − 1 and more general a’s such that apk−1 ∈ µn \ {1,−1} when
n > 2. Next we extend the result for more general n’s.
Theorem 4. Let p be an odd prime, k, n be positive integers such that n | pk − 1.
Let d = p
(pk−1)k
−1
pk−1
+ 1 and ℓn = pk − 1. Let µn be the set of all n-th roots of unity
in Fpnk . If a
pk−1 ∈ µn \ {1}, then a−1xd is a CPP over Fpnk .
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Proof. Let ap
k
= aζ for some ζ 6= 1 ∈ µn. Then apik = aζi and
ha(x) = x(x + a)
d−1
= x(x + a)1+p
k+···+p(p
k
−2)k
= x(x + a)(x+ a)p
k · · · (x+ a)p(p
k
−2)k
= x(x + a)(x+ ap
k
) · · · (x+ ap(p
k
−2)k
)
= x
(
(x+ a)(x+ aζ) · · · (x+ aζn−1))(pk−1)/n
If ap
k
−1 = −1, then ha(x) = x(x2 − a2)(pk−1)/2. We note that apk−1 = −1
implies that a2 ∈ F∗pk but a 6∈ Fpk . For any p
k
−1
2 -th root of unity ξ, we have
(ξ − a2)pk−1 = 1. By Corollary 2, ha(x) is a PP of Fpk and thus a−1xd is a CPP
over Fpnk . Similarly, If a
pk−1 ∈ µn \ {1,−1}, then ha(x) = x(xn + an)(pk−1)/n. We
note that ap
k
−1 ∈ µn\{1} implies that an ∈ F∗pk but a 6∈ Fpk . Therefore xn+an = 0
has no solution in Fpk . Hence (ξ+a
n)p
k
−1− 1 for all ξ ∈ µℓ. By Corollary 2, ha(x)
is a PP of Fpk and thus the result holds. 
The following description of CPP monomials is obvious for more general n |
pk − 1.
Theorem 5. Let p be an odd prime, n ≥ 3, k be positive integers such that n | pk−1.
Let d = p
nk
−1
pk−1 +1. Let a
pk−1 be a primitive n-th root of unity in Fpnk . Then a
−1xd
is a CPP over Fpnk if and only if
[(an + ci)(an + cj)−1]r 6= cj−i for all 0 ≤ i < j < (pk − 1)/n
where c is a fixed primitive (p
k
−1
n )-th root of unity in Fpk .
Proof. Similarly as above, ha(x) = x(x
n + an). It is well known that ha(x) =
x(xn + an) is a PP of Fpk if and only if (−an)(p
k
−1)/n 6= 1 and
[(an + ci)(an + cj)−1]n 6= cj−i for all 0 ≤ i < j < (pk − 1)/n
where c is a fixed primitive (p
k
−1
n )-th root of unity in Fpk (see for example, Excercise
7.11 in [23]) . Because ap
k
−1 is a primitive n-th root of unity in Fpnk and n ≥ 3,
(−a)(pk−1)/n 6= 1 always holds.

Finally we obtain the following class of CPP monomials.
Corollary 4. Let p be an odd prime, n ≥ 3, k be a positive integer such that
nℓ = pk−1. Let d = pnk−1
pk−1
+1. Let ap
k
−1 be a primitive n-th root of unity in Fpnk .
If there exist an integer λ such that (z + an/z)n = zλ for every 2ℓ-th root of unity
z, then a−1xd is a CPP over Fpnk if and only if (2 + n+ λ, 2ℓ) ≤ 2.
Proof. As in Theorem 5, we need to prove ha(x) = x(x
n+an) is a PP of Fpk . We use
Corollary 1 again, ha(x) = x(x
n+an) is a PP of Fpk if and only if g(x) = x(x+a
n)n
permute µℓ, the set of all ℓ-th roots of unity. Obviously, (−an)(pk−1)/n 6= 1. Then
g(x) = x(x + an)n permute µℓ if and only if g(x
2) = x2(x2 + an)n is injective on
µ2ℓ/µ2. For any z ∈ µ2ℓ, we must have g(z2) = z2(z2 + an)n = z2+n(z + an/z)n =
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z2+n+λ. Therefore g(x2) = x2(x2 + an)n is injective on µ2ℓ/µ2 if and only if
(2 + n+ λ, 2ℓ) ≤ 2. 
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